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C$ , Abstract. The aim of this article is to describe asymptotic profiles for the Kirch- 

hoff equation, and to establish time decay properties and dispersive estimates for 
04 . Kirchhoff equations. For this purpose, the method of asymptotic integration is 

developed for the corresponding linear equations and representation formulae for 
their solutions are obtained. These formulae are analysed further to obtain the time 
p I ' decay rate of L p —L q norms of propagators for the corresponding Cauchy problems. 

< ' 

ri ■ 1. Introduction 

^3 . 

This article is devoted to several aspects of Kirchhoff equations or Kirchhoff sys- 
tems, which were discussed in [121 021 EE]. In particular, we will discuss the asymptotic 
profiles and dispersion properties, or time decay of L p -L q norms of propagators for 
some relevant classes of hyperbolic equations. These properties are well-known for 
^> ! the wave equations, but several aspects of Kirchhoff equations still remain far from 

being understood. The global well-posedness of Kirchhoff equations or Kirchhoff sys- 
tems is known if the data is sufficiently small in some suitable Sobolev spaces of L 2 
type (see [3l [H El El El HOl [HI [261 12ZI [28])- Up to now, if one takes any large data 
from these Sobolev spaces, the problem of the global well-posedness is still open. 

In this article the asymptotics and the global well-posedness are discussed for 
small data. The first topic was developed in [T5] by relating the problem to the 
asymptotic behaviour of the Bessel potentials (Theorem from [T2] is the anoucement 
of [U]). More precisely, the first author proved that there exists a solution which 
is never asymptotically free. Here we say that u = u(t, x) is asymptotically free if 
^ it is asymptotically convergent to some solution of the free wave equation as the 

time goes to ±oo. From the point of view of the scattering theory all solutions with 
data satisfying some fast decay conditions in space variables are asymptotically free 
(see El [26]), while the result of [15] states that if the data satisfy the opposite 
condition to El ES], then the scattering theory is not possible. This is stated more 
precisely in Theorem 12.21 For deriving these asymptotics, we need a delicate analysis 
of an oscillatory integral associated with Kirchhoff equation, which was introduced 
by Greenberg and Hu [8 J in the one dimensional case (see also [HE1E6]), and we will 
develop an asymptotic expansion of this oscillatory integral. 

For further investigations, for example, such as the nonlinear scattering theory, the 
second topic is very important. This means that there exists a scattering state for 
Kirchhoff equations or systems with nonlinear perturbations, which can be discussed 
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in the standard way but is quite lengthy, hence we do not touch it (see e.g., [TT]). 
Quite recently, the first author obtained the dispersive estimates for the Kirchhoff 
equation (see [13]), which will be introduced as Theorem 12.11 The essential point of 
the proof relies on the stationary phase method together with Liftman's lemma. 

Now let us give the precise formulation of Kirchhoff equations considered problems. 
In 1883 G. Kirchhoff proposed the equation 

(1.1) u tt -il+ ul dx J u xx = 



for u = u(t,x) on R t x (0, L) (see [9]), which describes the nonlinear vibrations 
of one dimensional elastic strings having the natural length L. For simplicity, all 
the physical constants are normalised. Generalising the equation (11. ip to a multi- 
dimensional version, we can consider the Cauchy problem for u = u(t, x) on R t x R": 

(1.2) d 2 u-(l + \Vu\ 2 dx)Au = 0, 

(1.3) u(0,x) = f (x), d t u(0,x) = /x(x), 

where dt — f, V = (gf^"> • • • > af - ) an d A is the standard Laplacian in M. n defined by 
- d 2 

Higher order nonlinear equations of Kirchhoff type are also of great interest, and 
they can be viewed as dispersion relations for Kirchhoff systems. In particular, since 
higher order equations are influenced by the geometric properties of characteristics 
(cf. [22| l23~t [21]), in such problem it is important to know how this phenomenon 
is affected by nonlinearities (this is contrary to the L p -L p estimates, see [19] for a 
survey of such results). 

Thus, let us consider the following nonlinear equation 

(1.4) L(t,D t ,D x ,\\Vu\\ 2 L2 ) = D?u+ b UJ (\\Vu(t,-)\\ 2 L2 )D^ x Dlu = 1 

\v\+j=m 

j<m—l 

for t 7^ 0, with the initial condition 

(1.5) D*u(0,x) = f k (x), fc = 0,l,...,m-l, xeW 1 , 

where D t = if and D v x = (i^)" • ■ ■ i = V=T, for i/ = fa, . . . , v n ). We 

will assume that the symbol of the differential operator L(t, D t , D x , \\ Vu\\ 2 L2 ) has real 
and distinct roots tpi(t, s\ £),... , (f m (t, s; £) for £ ^ and < s < 5 with 5 > 0, i.e. 

L(t, r, £, s) = (r - ^(t, s; £)) • ■ • (r - £ m (i, s; £)), 

inf (^(f, s: f) — 5fc(t, s: f)| > 0. 

The detail analysis of the Cauchy problem fll.4l) - fll.5p will be done in [16J, and we 
will consider only the Cauchy problem fll.2p - fll.3l) of the second order in this article. 
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We conclude the introduction by fixing the notation used in this article. For s£l 
and 1 < p < oo, let LP S = Lf(M n ) and L p s = L p s (R n ) be the Riesz and Bessel potential 
spaces with semi-norm or norm 

IMIif = ll^~Ml£| S «(0]lli>(R™) = \\\D\ s u\\lp(R"), 

\\ u \\l p s = \\F~ X [(£.) s u(Q]\\lp(wi) = \\{D) s u\\ LP{R n h 
respectively. Here ~ denotes the Fourier transform, JF -1 is its inverse, and (£) = 
yfl + |£| 2 . Throughout this article, we fix the notation as follows: 

H 8 = Li H s = L 2 S . 

We also put, for s > 1, 

X S (R) = C(R; H s ) n C\R; H s ^) n C 2 (R; H s ~ 2 ). 
Finally we shall denote by S = S(R n ) the Schwartz space on R n . 

2. Results 

In this section we survey the results of [T5] and [T5] on the Cauchy problem fll.2j) — 
(jl.3p . In order to state these asymptotics for the solutions to Kirchhoff equation, we 
refer to a general theorem of Yamazaki (see [26]). For this purpose, let us introduce 
the set 

Y k := { {0, i;} G 3/2 x H 1 ' 2 ; \ {(j>^}\ Yk < oo } , fc > 1, 

where 

|{0,^}|y fc :=sup(l + |r|) fe 
+ sup(l + |r|) fc 



+ sup(l + |r|) fe 

Then we have the following: 

Theorem A (|26j). Let n > 1 and So > § . // i/ie data n , «i satisfy u G H s ° D if 1 , 
«i G if 80-1 , and 

(2.1) o"i := ||Vito||x2 + H^illia + | {«o, Ui} \ Yk >C 1 /or some > 1, 

i/jen t/ie problem f ll.2p - fll.3p has a unique solution u(t,x) G X S °(IR) having the fol- 
lowing property: there exists a constant c± OQ = c± 00 {uq ) ui) > such that 

i + ||vu(t, oilia = 4oo + o « s * ±°°- 

Furthermore, if (12.1 p ZioZds wi£/i k > 2, then c +oc = c_oo := Cqo and eac/t solution 
u(t, x) G X S °(]R) zs asymptotically free in H a x if " -1 /or a// a G [1, So] as t ±oo, 
i.e., tnere exzsfo a solution v± = v±(t,x) G X CT (IR) of the equation 

(d 2 - 4A) v± = onlxl" 



| e^"ieii?(orde 



| e-l«l|e| 2 Re(0(O^(O) ^ 
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such that 

Ht, ■) - V±{t, .)||h„ + \\d tU (t, •) - d t V ± (t, OHffa-! ^0 (t -> ±00). 

The inclusions among the classes Y& follows: 

y fe C Yi if A; > I > 1, and S C F fe for all £; G (l,n + 1]. 

The latter inclusion can be shown by using the asymptotic expansion of oscillatory 
integral I (■#(£),()) which was proved in |15j . The definition of is somewhat com- 
plicated. There are some examples of spaces contained in Y/.. For more details see 

na. 

Keeping in mind Theorem A, we have L p -L q estimates: 

Theorem 2.1 Q13J). Let n > 2 and let 1 < p < 2 < q < +00 and J + J = 1. Taen 
eac/i solution u(t, x) in Theorem A with k = n + 1 /jas t/ie following properties for all 

5 > 0: 

||W«(t,OI|M <c(i + |t|)-W- 4 )(H) ^ ikii^+m-*,, 

8=0,1 

where N p = — M , j = 0, 1, 2 ; and a is any multi-index. 

Based on Theorem I2.1[ we can develop the nonlinear scattering problems for the 
Kirchhof equation. But here, we want to exhibit the opposite phenomenon; for this, 
we will find the asymptotic profiles for the solutions to (jl.2p - fll.3D . Let us present 
the definitions of free and non-free waves. 

Definition, (i) We say that v± = v±(t,x) = {v + (t, x), V-(t, x)} is a free wave if it 

satisfies the equation 

(dl - cl^A) v± = onlxl". 

(ii) Let a > 1. We say that v = v(t,x) is asymptotically free in H a x H ^ 1 if it 
is asymptotically convergent to some free wave v± in H a x H a ~ l , i.e., 

Ht, •) - v ± (t, OH j„ + \\d t v(t, - d t v ± (t, 0||^-i ^0 (t -> ±00). 

(iii) Let a > 1. H^e say t/iat w = w(t, x) is a non-free wave in H a x H a ~~ 1 if it is 
not asymptotically free. 

Theorem A states that each solution u of (ll.2p - (ll.3j) with initial data satisfying 
(12. ip with k > 2, is asymptotically free. On the other hand, the next theorem states 
that the bound k > 2 is sharp. More precisely, we have the following: 

Theorem 2.2 (|15j). Assume that 

either n > 2 and 1 < k < 2, or n = 1 and 1 < k < 2. 

Then there exists a solution u(t,x) G fl s >iX s (R) of (jl.2p - fll.3D with data satisfying 
( 12. ID . which is a non-free wave in H a x H a ~ l for all a > 1. 

The proof of Theorems I2.1H2.2I relies on the representation formulae for the cor- 
responding linear equation. In §3 we will introduce the representation formulae for 
more general strictly hyperbolic equations. Moreover, the argument of Theorem 12.21 
is relating with the asymptotic behaviour of Bessel functions (see [T]). 
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3. Representation of solutions to linear Cauchy problems 

In this section we introduce the representation formulae for more general equations 
than previously considered by using the asymptotic integration method along the 
argument of [TH]. Let us consider the Cauchy problem for an m th order strictly 
hyperbolic equation with time-dependent coefficients, for function u = u(t,x): 

(3.1) L(t,D t ,D x )u = D™u+ a,,j(t)D u x Dlu = 0, t^O, 

\v\-\-j=m 

j<m — 1 

with the initial condition 

(3.2) D^u(0,x) = fk(x) G C^°(W l ), fc = 0,l,---,m-l, iGl". 

Denoting by £> m_1 (R) the space of all functions whose derivatives up to (m — l) th 
order are all bounded and continuous on M, we assume that each a u j(t) belongs to 
B m ~ 1 (R) and satisfies 

(3.3) d^a u j(t) G L X (IR) for all v, j with \u\ + j = m, and k = 1, . . . , m — 1. 

Moreover, following the standard definition of equations of the regularly hyperbolic 
type (e.g. Mizohata [IS]), we will assume that the symbol of the differential operator 
L(t, D t , Ac) has real and distinct roots </?i(t; £),... , ip m (t; £) for £ ^ 0, and 

(3.4) L(t, r, £) = (r - <pi(t; £)) • • • (r - ^(t; 0), 

(3.5) inf |^-(t;0-Vfc(*;OI>0. 

|£|=i,teR 

By applying the Fourier transform on IR™ to (13.11) . we get 

m 

(3.6) A m « + £ M*; 0A m ~ J « = 0, 
where 

This is the ordinary differential equation, homogeneous of m th order, with the param- 
eter £ = (£i, . . . , £ n ). As usual, the strict hyperbolicity means that the characteristic 
roots of (13.61) are real and can be written as y>i(t; £),..., <£ m (t; £) satisfying (I3.4p ~ 
(13. 5p . Notice that each ipe(t;£) has a homogeneous degree one with respect to £. In 
this section we will establish the representation formulae for solutions of the Cauchy 
problem (13. ip in the form of the oscillatory integrals. Let u(t; £) be the solution of 
(13. 6p with the intial data /&(£) (k = 0, ... ,m — 1). Let ^(t; £) be the solution of 
(JUS) with p^ fe )(0; = 5{ for j, jfe = 0, 1, . . . , m - 1. We set 



D t v (t;£) D tVl (t;0 ■■■ D t v m ^(t;0 
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Hence, W(t;£) is the fundamental matrix of (13.61) . Defining 



#i(*5 = / fj( s > da, j = 1, . . . , m, 
we introduce the matrix 



Y(t;0 



( e «M*;0 



Matrix Y(t; £) is the fundamental matrix of a perturbed ordinary differential equation 
of (J32D: 

(Dt-ip^t; £))---(A-y>m(*; £))w = 0. 

Then we can write this equation as 



(3.7) 

where hj(t;£) satisfies 



3=1 3=2 



0, 



J = 2, 



i<|i/|<j-i 

(i/ 2 ,...,i/ i )^(0,.->0) 



with some constants c Ul ,,, Uj ^ 0. This means that each e^ <( -* ; ^ satisfies (13. 7p . and 
e ii?i(*;0 ; . . . je **m(t;0 are linearly independent for £ 7^ and iGl. It can be checked 
that the coefficient /ii(t;£) of D™~ l w always vanishes for every m, by an induction 
argument on m. Then it follows from Proposition 2.4 of [16J (cf. [2J [25]) that there 
exists the limit 



(3.8) 
Set 

Furthermore, writing 
(3.9) 



lira y(t;e)- 1 W(t;0 = ^±(0- 

t— >±oo 



a: 



m— 1,± 



(0 \ 



«0,±(0 «1,±(0 a m-l,±(0 

V a m ± (0 < ± (£) ••• <_ 1>± (£) / 



i2±(t;0 = n*;0" 1 ^(* 



0-i±(0 

' ' £ m-l,±(^> \ 

" £ TO-1,±(^5W 

' ' £ m-l,±(*; / 



we have 



w(t;0 = r(*;0 (L±(0 + i2±(t;e))- 
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rn 



3=1 
rn 



= E K±(0 + <±(^ 0) p<(v;(*; 0)e iMM0 

3=1 

for k, £ = 0, ■ ■ ■ , m — 1, where each p#((pj(t; £)) is determined by the equation 

We note that for the second order equations we have m = 2 and the next theorem 
covers the case of the wave equation as a special case, also improving the correspond- 
ing result in [131 US]. The result is as follows: 

Theorem 3.1. Assume that the characteristic roots (fii(t; £), . . . , <p m (t\ £) o/ (13.61) are 
real and distinct for allt el and for all £ G M n \0, and t/iat tney satisfy (13.51) . T/ien 
taere ezisis a^. ± (^) ande^, ± (t;^) determined by ( 13.81) and ( 13. 9p . respectively, such 
that the solution u(t,x) of our problem (13. ip - (13.21) is represented by 

m—l m 

Dtu(t,x) = EE^ 1 [«±(0 + 4, ± (*;0)p/(^(*;0)e^ (t:0 / fc (0" 

fc=0 j=l 

/or £ = 0, . . . , m — 1, where 

|aj[ f± (0| <cier* |4,±(<;0| <cier* / 

and \l/(t) zs <n'i>en by 



{x), t^O, 



\t\ 



*(t)= E IWOI-'-lfiT^M*)!- 



|i/|+j'=m 

j<m — 2 

For the higher order derivatives of amplitude functions, we have, for > 1, 

l*l 

f (l+sV^l^fsl ds 

\DH,±(0\ < c\t\- k , \D& )± (t;0\ < ce' |£| > i, 

1*1 

l^< ± (0|<cier fc - H , |^4, ± (^o|<ceo | er ^iMi <iei<i. 

If we further assume that 

(l + \t\)^a u ,(t;0eL\R) 

for some fi with \fi\ > 1, and for all is,j, and k = 1, . . . ,m — 1, then the bound of 
each D^e 3 k ± (t; £) is uniform in t. 



8 



MATSUYAMA AND RUZHANSKY 



References 

[1] N. Aronszajn and K.T. Smith, Theory of Bessel potentials. Part I., Ann. Inst. Fourier, Grenoble, 
11 (1964), 385-475. 

[2] G. Ascoli, Sulla forma asintotica degli integrali dell'equazione differenziale y" + A{x)y = in 

un caso notevole di stabilitd, Univ. Nac. Tucuman, Revista A, 2 (1941), 131-140. 
[3] E. Callegari and R. Manfrin, Global existence for nonlinear hyperbolic systems of Kirchhoff 

type, J. Differential Equations 132 (1996), 239-274. 
[4] P. D'Ancona and S. Spagnolo, A class of nonlinear hyperbolic problems with global solutions, 

Arch. Rational Mcch. Anal. 124 (1993), 201-219. 
[5] P. D'Ancona and S. Spagnolo, Nonlinear perturbations of the Kirchhoff equation, Comm. Pure 

Appl. Math. 47 (1994), 1005-1029. 
[6] P. D'Ancona and S. Spagnolo, Kirichhoff type equations depending on a small parameter, Chin. 

Ann. of Math. 16B (1995), 413-430. 
[7] M. Ghisi, Asymptotic behavior of Kirchhoff equation, Ann. Mat. Pura Appl. (4) 171 (1996), 

293-312. 

[8] J. M. Greenberg and S. C. Hu, The initial-value problem for a stretched string, Quart. Appl. 

Math. 38 (1980), 289 - 311. 
[9] G. Kirchhoff, Vorlesungen iiber Mechanik, Tcubner, 1883. 
[10] R. Manfrin, On the global solvability of symmetric hyperbolic systems of Kirchhoff type, Discrete 

Contin. Dynam. Systems 3 (1997), 91-106. 
[11] R. Manfrin, On the global solvability of Kirchhoff equation for non-analytic initial data, J. 

Differential Equations 211 (2005), 38-60. 
[12] T. Matsuyama, Asymptotic behaviours for Kirchhoff equation, Proceedings of Isaac Congress 
2006, in press. 

[13] T. Matsuyama, L p -L q estimates for wave equations and the Kirchhoff equation, submitted to 
Osaka J. Math. (2006). 

[14] T. Matsuyama, Asymptotic behaviours for wave equations with time- dependent coefficients, 
Annali dell'Universita di Ferrara, Sec. VII - Sci. Math., 52 (2), (2006), 383-393. 

[15] T. Matsuyama, Asymptotic profiles for Kirchhoff equation, Rend. Lincei Mat. Appl. 17 (2006), 
377-395. 

[16] T. Matsuyama and M. Ruzhansky, Asymptotic integration and dispersion for hyperbolic equa- 
tions, with applications to Kirchhoff equations, in preparation. 

[17] T. Matsuyama and M. Ruzhansky, A remark on nonlinear perturbations of the Kirchhoff equa- 
tion, in preparation. 

[18] S. Mizohata, The theory of partial differential equations, Cambridge Univ. Press, 1973. 

[19] M. Ruzhansky, Singularities of affine fibrations in the theory of regularity of Fourier integral 

operators, Russian Math. Surveys 55 (2000), 93-161. 
[20] M. Ruzhansky and J. Smith, Strichartz estimates for strictly hyperbolic equations with lower 

order terms, preprint. 

[21] W. Rzymowski, One-dimensional Kirchhoff equation, Nonlinear Analysis 48 (2002), 209 - 221. 
[22] M. Sugimoto, A priori estimates for higher order hyperbolic equations, Math. Z. 215 (1994), 
no. 4, 519-531. 

[23] M. Sugimoto, Estimates for hyperbolic equations with non-convex characteristics, Math. Z. 222 
(1996), no. 4, 521-531. 

[24] M. Sugimoto, Estimates for hyperbolic equations of space dimension 3, J. Funct. Anal. 160 
(1998), no. 2, 382-407. 

[25] A. Wintner, Asymptotic integrations of adiabatic oscillator, Amer. J. Math. 69 (1947), 251-272. 
[26] T. Yamazaki, Scattering for a quasilinear hyperbolic equation of Kirchhoff type, J. Differential 

Equations 143 (1998), 1-59. 
[27] T. Yamazaki, Global solvability for the Kirchhoff equations in exterior domains of dimension 

larger than three, Math. Methods Appl. Sci. 27 (2004), 1893-1916. 
[28] T. Yamazaki, Global solvability for the Kirchhoff equations in exterior domains of dimension 

three. J. Differential Equations 210 (2005), 290-316. 



DISPERSION AND ASYMPTOTIC PROFILES 



9 



t Department of Mathematics 

Tokai University 

Hiratsuka 

Kanagawa 259-1292 

Japan 

* Department of Mathematics 
Imperial College London 
180 Queen's gate 
London SW7 2AZ 
United Kingdom 

E-mail address: tokio@keyaki.cc.u-tokai.ac.jp 
m . ruzhanskyOimperial .ac.uk 



